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Abstract
By considering the p-brane motion in G/K symmetric space bulk
we identify the G-invariant bulk metric in the solvable lie algebra
gauge of the brane action. After calculating the Levi-Civita connec-
tion of this bulk metric we use it in the Gauss equation to compute
the braneworld curvature in terms of the bulk coordinates. Finally, by
making use of the Gauss equation in the braneworld Einstein equation
we present a geometrical method of implementing the first fundamen-
tal form in the gravitating brane dynamics for the specially chosen
symmetric space bulk case leading to an Einstein equation solely ex-
pressed in terms of the bulk coordinates of the braneworld.
1 Introduction
Following [1, 2], braneworld cosmological scenarios have gained an extensive
attention. Within the last decade there is a vast literature formed in this
direction. As introductory samples of this literature the reader may consult
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[3] for brane cosmology in general, [4, 5, 6, 7] for inflation emerging from
braneworld scenarios, and [8] for braneworld gravity.
In this work, we study the braneworld gravity when the braneworld is
immersed in a generic symmetric space bulk so that the brane moves in any
sort of symmetric space [9]. We will focus on the Einstein equation when
the induced braneworld metric is coupled to the Einsteinian gravity in the
presence of other braneworld matter fields. As our major point of view in
this work is the brane motion in symmetric space bulk we will specify the
generic p-brane action [10, 11, 12, 13, 14, 15, 16, 17, 18, 19] so that it will
exhibit certain global and local symmetries emerging from the symmetric
space bulk. For this reason we will refer to the symmetric space sigma model
being a coset sigma model which can be obtained from the principal chiral
model by reduction [20, 21, 22, 23, 24, 25, 26]. To implement the above
mentioned symmetries in the p-brane dynamics we will refer to the equivalent
Polyakov action. Basically, we will make use of the sigma model action for
the symmetric space target manifolds in particular the one constructed in
the solvable lie algebra gauge [27, 28, 29, 30, 31, 32, 33]. The outstanding
characteristics of the brane motion in symmetric space bulk obeying certain
symmetries will appear as the predetermination of the bulk metric at the
braneworld-bulk intersection in terms of the braneworld coordinates. We will
compute the Levi-Civita connection of the bulk which is compatible with this
metric. Later, by plugging in the ingredients of the derived bulk curvature in
the Gauss equation of the braneworld immersion we will present the formal
method of relating the bulk and the braneworld geometries. Consequently,
we will see that in the last section, such a relation will help us to implement
the induced metric constraint in the braneworld Einstein equation in a way
which makes the geometry of the immersion explicit and accessible at the
level of field equations.
In Section two, we will give introductory remarks for the free p-brane mo-
tion in a symmetric space bulk. We will also mention about the equivalence
of the Nambu-Goto and the Polyakov actions. The solvable lie subalgebra
gauge construction of the symmetric space sigma model will be discussed
in Section three. Section four, is reserved for the identification of the bulk
metric which will be read through the sigma model lagrangian and which
is dictated by the symmetries of the gauge set in Section three. In Section
five, we will compute the Levi-Civita connection one-forms and the curvature
two-forms of this bulk metric. In Section six, we will construct the Gauss
equation of the braneworld immersion. Finally, in the last section we will
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combine all our machinery of the previous sections to write down the Einstein
equation of the braneworld in terms of the braneworld coordinates when its
induced metric is coupled to the braneworld gravity and other braneworld
matter fields.
2 Free p-branes in Symmetric Spaces
In this section, we will focus on the general properties of the Nambu-Goto and
the equivalent Polyakov actions corresponding to the free p-brane motion in
a symmetric space bulk. Now consider a Lie group G which is a non-compact
real form of any other semi-simple Lie group and also consider a maximal
compact subgroup of G which we will denote by K. If we assume that
the Lie algebra k of K is a maximal compactly imbedded Lie subalgebra
of the Lie algebra of G then it is an element of a Cartan decomposition of
the Lie algebra of G. In this case (G,K) is a Riemannian symmetric pair
therefore the left coset space G/K has a unique analytical structure induced
by the quotient topology of G. The manifold G/K is a Riemannian globally
symmetric space for all the G-invariant Riemannian structures on G/K [9].
The coset manifold G/K becomes a homogeneous space since for all the G-
invariant Riemannian structures on G/K the identity component I0(G/K)
of the isometry group acts transitively on G/K.
If we consider the low energy limit motion of Dirichlet p-branes [10, 11,
12, 13, 14, 15, 16, 17] in a generic above mentioned G/K symmetric space
background the action which governs the dynamics is the Dirac-Born-Infeld
action [34, 35]
SDBI = −Tp
∫
d(p+1)σ
√
−det(GAB + FAB), (2.1)
where
GAB = gab∂Aϕ
a∂Bϕ
b, (2.2)
is the pullback of the semi-Riemannian metric gab which we assign on the
symmetric space G/K through the immersion map [36]
f : N −→ G/K, (2.3)
of the world volume N of the p-brane in the bulk G/K. Tp is the p-brane
tension. Locally the immersion is characterized by the coordinates ϕb(xA) for
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b = 1, ...,dim(G/K) of the symmetric space bulk G/K which are functions
of the local world volume coordinates xA for A = 1, ..., (p+ 1). In (2.1)
FAB = FAB − BAB, (2.4)
where F is the field strength of a U(1) gauge field living on the world volume
N and
BAB = Bab∂Aϕ
a∂Bϕ
b, (2.5)
is the pullback of a two-form field living on G/K onto the world volume N .
Now if we set
FAB = 0, (2.6)
we obtain the Nambu-Goto action
SNG = −Tp
∫
d(p+1)σ
√
−det(GAB), (2.7)
for the free p-brane which moves in the symmetric space G/K bulk. Now
if we consider the world volume N as an isometrically immersed submani-
fold of the semi-Riemannian manifold G/K which is endowed with gab then
(2.2) becomes the first fundamental form of the immersion [37, 38, 39, 40].
Also (2.7) becomes a multiple of the semi-Riemannian volume of the world
volume N . We should remark that seing the world volume as an isometric
immersion is equivalent to the fact that GAB in (2.2) is the induced metric
on N . However in this framework it is not an independent field. Now let us
consider the Polyakov action
SP = −T
∫
d(p+1)σ
√−GGABgab∂Aϕa∂Bϕb, (2.8)
whose independent fields are {ϕa, GAB} which live on N . (2.8) can also be
written as
SP = −T
∫
gab dϕ
a ∧ ∗dϕb. (2.9)
If we vary (2.9) and equate it to zero then we get
f(δϕa)− δeA ∧ [T gab(dϕb ∧ iA ∗ dϕa + iAdϕa ∧ ∗dϕb)] = 0. (2.10)
Here {eA} is a viel-bein on N . Also iA is the interior derivative with respect
to eA. (2.10) can further be written as
f(δϕa)− δeA ∧ [−2 T gab∂Aϕa∂Bϕb + T gab∂Cϕa∂CϕbGAB] ∗ eB = 0, (2.11)
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where the expression inside the brackets is the energy-momentum tensor
corresponding to the action (2.9). Thus we have
− 2gab∂Aϕa∂Bϕb + gab∂Cϕa∂CϕbGAB = 0. (2.12)
We observe that assuming an isometric immersion solution namely (2.2) in
(2.12) yields
− 2 + p+ 1 = 0. (2.13)
We see that only for p = 1 (for strings) (2.2) is a solution of (2.12). In
this case if one inserts (2.2) in the Polyakov action (2.8) then one obtains the
Nambu-Goto action (2.7) with T = Tp/2. Thus both of the actions are equiv-
alent when one considers the field equations of {ϕa}. However for p > 1 the
equivalence of (2.7) and (2.8) is obviously not possible. Even if one considers
(2.8) as a constraint system with a constraint equation GAB ∝ gab∂Aϕa∂Bϕb
to establish the equivalence such a constraint equation is inconsistent with
the field equations (2.12). Of course the privileged state of the string case
is due to the Weyl-invariance which occurs only when p = 1. On the other
hand when p > 1 one may introduce a cosmological constant term to (2.8)
to establish a similar equivalence [18, 19]. For p > 1 one should consider the
action
SP = −T
∫
d(p+1)σ
√−G GABgab∂Aϕa∂Bϕb − T
∫
d(p+1)σ
√−G Λ, (2.14)
which can also be written as
SP = −T
∫
gab dϕ
a ∧ ∗dϕb − T
∫
∗Λ. (2.15)
Following the same track above the corresponding Einstein equation yields
− 2gab∂Aϕa∂Bϕb + gab∂Cϕa∂CϕbGAB + ΛGAB = 0. (2.16)
We see that if we chose Λ = 1−p then (2.2) satisfies this equation and again
the Polyakov (2.14) and the Nambu-Goto (2.7) actions become equivalent
for the fields {ϕa} following the insertion of (2.2) in (2.14). Also in this case
T = Tp/2. When p 6= 1 the solution of (2.16) is
GAB = −p− 1
Λ
gab∂Aϕ
a∂Bϕ
b. (2.17)
Thus if one wishes to leave Λ arbitrary and still establish the equivalence of
(2.14) and (2.7) via insertion of (2.17) in (2.14) then one must give up the
isometric immersion condition (2.2) by scaling it. In this case by assuming
positive Λ we find Tp = −2T ( Λp−1)
1−p
2 .
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3 Symmetries and the Gauge
We have reviewed the conditions on the equivalence of the free p-brane and
the sigma model actions in the last section. Now bearing in mind that
our perspective is the brane motion in symmetric space bulk we will refine
the sigma model action so that it will admit global and local symmetries.
Equivalently this corresponds to restricting ourselves to brane motion with a
collection of local and global conserved currents and charges which govern the
dynamics of the brane in the bulk. We will shortly review the construction
of the G/K symmetric space sigma model and then establish the solvable Lie
algebra gauge to finalize the form of the Polyakov action which we will refer to
for the rest of our analysis. Here G is a real form of a non-compact semisimple
Lie group and K is a maximal compact subgroup of G. To construct a
Lagrangian which has global and local symmetries one starts from the G-
valued field ν(x) : N −→ G and considers the pull-back G = νdν−1 of the
Cartan-Maurer form of the Lie group G in a matrix representation which can
be decomposed as
G = GAdxA = QaA(x)KadxA + P bA(x)TbdxA = Q + P. (3.1)
Here {Ka} are the generators of the Lie algebra of K and {Tb} form a basis
for its vector space direct sum complement p in the Lie algebra of G. These
definitions are based on the Cartan decomposition of the Lie algebra g of G
g = k ⊕ p, (3.2)
where k is the Lie algebra of K and p is its complement in g. The Lie algebra
k is a maximal compactly imbedded Lie subalgebra of g. Also k and p are
orthogonal with respect to the trace of a representation chosen. This is a
consequence of the homogeneous space nature of G/K which enables the
existence of an inner product on g which is adjoint-invariant and which is
positive definite on p. This inner product can also be projected onto G/K.
If one chooses the adjoint representation then it becomes the Cartan-Killing
form. Thus tr(kp) = 0. As (3.2) is a Cartan decomposition it admits
[k, k] ⊂ k , [k, p] ⊂ p , [p, p] ⊂ k, (3.3)
where the last commutation relation quarantines that (3.2) is a Cartan de-
composition and G/K is a symmetric space [9] which is a subclass of homo-
geneous spaces. By adding this commutation relation to the first two one
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reduces the homogeneous space sigma model to the symmetric space sigma
model which admits a Lax pair thus becomes an integrable system possing
an infinite number of local conserved charges. This specialization will also
enable us to introduce an involutive automorphism called the generalized
transpose which leads to the internal metric formulation of the associated
sigma model. Now if we define PA ≡ P aATa then the sigma model action
which has G-global invariance from the right (ν −→ νg′ ∀g′ ∈ G) and K-
local invariance from the left (ν −→ k′(x)ν ∀k′(x) ∈ K and x ∈ N) can be
constructed as [41]
SSigma = T
∫
d(p+1)σ
√
−G tr(PAPA) = T
∫
tr(∗P ∧ P ). (3.4)
In (3.1) Q appears as a gauge connection corresponding to the local K-
symmetry thus one may define the covariant derivative
Dν = dν +Qν, (3.5)
which in component form can be written as DAν = ∂Aν +QAν. Thus under
the local K-symmetry we can identify the covariant part of (3.1) as
P = −Dνν−1. (3.6)
On the other hand G = νdν−1 is the corresponding Noether current of the
global G-symmetry and both Q and P are invariant under the global G-right-
action. By using (3.6) the Lagrangian (3.4) can also be written as
SSigma = T
∫
tr(∗Dνν−1 ∧Dνν−1). (3.7)
The Cartan decomposition in (3.2) is the eigenspace decomposition of an
involutive automorphism of g which is called the Cartan involution. On the
components based on the decomposition (3.2) it acts as
S : (Q,P ) −→ (Q,−P ). (3.8)
By using this involution we can define a generalized transpose operator # on
g as
#(g′) = −S(g′) ∀g′ ∈ g. (3.9)
Since it is induced by the Cartan involution S one is able to find a higher
dimensional matrix representation of g in which # coincides with the or-
dinary matrix transpose operator. For this reason one can extend (3.9) to
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the group G and one can generally define an induced map # over G as
(exp(g))# = exp(g#). In this respect both (3.9) and (exp(g))# = exp(g#)
are representation-free and they admit all the features of the matrix trans-
pose operator justifying their name. By using this operator we can write P
as
P =
1
2
(νdν−1 + (νdν−1)#). (3.10)
Now if we define
M = ν#ν, (3.11)
and further
A =M−1dM, (3.12)
then by using (3.10) we can show that
A = −2ν−1Pν. (3.13)
M provides a parametrization of the coset space G/K. Since its definition
resembles the metric construction from the viel-bein it is usually called the
internal metric. Now by using (3.13) in (3.4) and the fact that trace operator
permits cyclic permutations we can write
SSigma = T
∫
tr(∗P ∧ P ) = T
4
tr(∗A ∧A) = −T
4
tr(∗dM∧ dM), (3.14)
where in the last identity we have used dM−1M = −M−1dM. Due to the
local gauge symmetry the solution space {ν(x)} of (3.14) has non-physical
gauge degrees of freedom which can be eliminated by choosing a gauge and
omitting the gauge symmetry. An appropriate gauge which is entirely based
on the physical degrees of freedom is the solvable Lie algebra gauge [42]. The
solvable Lie algebra gauge fixed field is
ν(x) = e
1
2
φi(x)Hieχ
β(x)Eβ , (3.15)
which is based on the axion-dilaton parametrization of the symmetric space
G/K [30, 31, 32, 33, 43]. The map
Exp : p −→ G/K, (3.16)
where p is the complementing piece in the Cartan decomposition (3.2) is a
diffeomorphism onto G/K from p which can be considered as a submanifold
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of g that can be identified with the tangent space of G at the identity element.
Now if we turn back to (3.15) the right hand side is composed of two factors
of the exponential map of the Lie group G. {Hi, Eβ} are the generators of a
solvable Lie subalgebra s of g which takes part in the Iwasawa decomposition
g = k ⊕ s, (3.17)
of the Lie algebra g 1 [9]. We should state here that the decompositions (3.2)
and (3.17) are not the same. Furthermore as a vector space
s ∼= p, (3.18)
thus
Exp : s −→ G/K, (3.19)
is another diffeomorphism from s which can be equipped with the differen-
tiable structure of p onto G/K. Therefore (3.19) which the gauge (3.15)
refers to is a global parametrization of G/K. We can use this new gauge
(3.15) which contains only the true degrees of freedom of the symmetric
space sigma model in (3.11). Thus when one fixes the gauge (3.15) the gauge
fixed solutions of (3.4) can be obtained from the action
SSigma = −T
4
∫
tr(∗dM−1 ∧ dM). (3.20)
Since we have chosen a gauge and eliminated the gauge degrees of freedom
of the sigma model (3.20) breaks the local K-symmetry but it is still G-
global invariant. However the standard global right action of G on G namely
ν −→ νg′ ∀g′ ∈ G is no more consistent with the gauge (3.15). In the gauge
fixed case the global right action ofG which preserves the gauge (whose image
always maps es onto es) can be defined as
ν −→ k′(g′, ν)νg′, ∀g′ ∈ G, and where k′ ∈ K. (3.21)
Under this global action which owes its consistency of closure on the image of
es to the Iwasawa decomposition (3.17) the action (3.20) remains invariant.
We remark that in (3.21) one has to introduce a field dependent k′(g′, ν)
1{Hi} are the non-compact Cartan generators and {Eβ} are a subset of the positive
root generators which correspond to the non-compact positive roots of the Lie algebra of
G with respect to the Cartan involution. They form a nilpotent Lie subalgebra of g.
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factor from the left to restore the gauge by pulling the acted field back into
the image of es as it is thrown out of the gauge by the right factor in (3.21)2.
Of course via (3.19) this action also induces an action on the bulk G/K since
each group element [es
′
] for s′ ∈ s is a representative of the left coset space
G/K. We may say that the global action of G onG/K is non-linearly realized
through (3.21). The bulk metric on G/K is implicitly implemented in (3.20)
and it is dictated by the gauge (3.15) and the global and the local symmetries.
Before passing to the identification of the explicit form of this bulk metric
which may be considered to live just necessarily at the braneworld occupation
of the bulk we will mention a couple of points about the global axion-dilaton
parametrization of the bulk emerging from (3.15). Now we have
{ϕa} = {φ1, φ2, · · · , φr, χ1, χ2, · · · , χn}, (3.22)
where r is the number of the non-compact Cartan generators in the Iwasawa
decomposition (3.17), and n is the dimension of the nilpotent component of
the solvable Lie subalgebra s of g. Since in (3.15) we have established the
gauge solely with the physical degrees of freedom their sum is
r + n = dim(G/K). (3.23)
Although (3.19) is a global parametrization of G/K our point of view will
be local and we will assume that the global parametrization (3.19) coincides
with a local coordinate chart of G/K. For this reason we assume that the
map
C : (ϕ1, ϕ2, · · · , ϕdim(s)) ∈ Rdim(s) −→ (φiHi + χβEβ) ∈ s, (3.24)
is a homeomorphism on an open set U of Rdim(s). Thus the map
C ′ = Exp ◦ C : Rdim(s) −→ G/K, (3.25)
is also a homeomorphism and (C ′(U), C ′ −1) becomes a coordinate chart for
G/K and {ϕa} become the coordinates of G/K.3 On this coordinate chart
by also assuming a local chart for N we may take the gauge fixed Polyakov
action that is equivalent to (2.7) as
Sp = −T
4
∫
tr(∗dM−1 ∧ dM)− T
∫
∗Λ, (3.26)
2This is needed to be able to realize the action of G which is originally defined for the
map ν on the dilatons and the axions
3We should state that dim(p) = dim(s) = dim(G/K).
10
which is invariant under the global action (3.21) of G on the bulk; the sigma
model target manifold. At first glance this refined action with the global
symmetry (3.21) has invariant Noether currents which are intimately related
to the Cartan forms G = ν−1dν and G ′ = dνν−1. They can be expressed
in terms of the brane coordinates in the bulk. Furthermore as a symmetric
space sigma model the sigma model term in (3.26) carries the rich class of
characteristic symmetries of the integrable systems.
4 G-invariant Metric on the Bulk
As we have mentioned above choosing the gauge (3.15) has eliminated the
non-physical degrees of freedom in the field ν(x). Besides together with
the global symmetry (3.21) it also dictates the bulk metric in (3.26). In
this section we will identify this bulk metric. Its form is a consequence of
the global and the local symmetries of (3.4), the solvable Lie algebra gauge
(3.15), and the gauge fixed form of the sigma model term in (3.26) which
possesses the global symmetry (3.21). Another gauge may result in a different
bulk metric however the physical solution space will be the same. One may
argue the physical meaning of this gauge-dependent bulk metric. First of
all we should see that since in (3.26) the bulk coordinates depend on the
world volume ones it determines the metric at the regions of the bulk traced
by the brane. With this point of view we may call this a moving metric
that is to say it is the metric required at the braneworld to establish the
necessary symmetries of the motion incorporation with the gauge chosen.
We may consider it as a constraint on the metric structure of the bulk even if
one introduces bulk gravity. This constraint emerges from the symmetries of
the brane motion we require. Each gauge fixing may end up with a different
constraint system whose physical solution space of the brane coordinates will
be the same. Now let us focus on (3.26). In [33] the kinetic term of (3.26) is
explicitly derived in terms of the bulk coordinates {ϕa}. It reads
−T
4
∫
tr(∗dM−1 ∧ dM) = −T
∫ (
− 1
8
Aij ∗ dφi ∧ dφj
− 1
4
Biα ∗ dφi ∧ e 12αjφjΩαγdχγ
− 1
2
Cαβe 12αjφj ∗Ωαγdχγ ∧ e
1
2
βiφ
i
Ωβτ dχ
τ
)
, (4.1)
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where the coefficients Aij ,Biα, Cαβ are the normalization constants of the
generators {Hi, Eβ} in the matrix representation chosen for the Lie algebra
of G namely
Aij = tr(HiH#j ) + tr(HiHj),
Biα = tr(HiE#α ) + tr(EαH#i ) + tr(HiEα) + tr(EαHi),
Cαβ = tr(EαE#β ) + tr(EαEβ). (4.2)
αj and βi are the root vector components of the Cartan generators {Hi}.
Their definitions may be referred in [33]. On the other hand (4.1) introduces
the functions
Ω = Ω(χβ), (4.3)
which are rigorously derived in the references [30, 31, 32, 43]. Briefly Ω is a
dimn×dimn matrix
Ω = (eω − I)ω−1, (4.4)
where the matrix ω is
ωγβ = χ
αKγαβ. (4.5)
The structure constants Kγαβ are defined as
[Eα, Eβ] = K
γ
αβ Eγ . (4.6)
In [33] it is discussed in detail that if one writes (4.4) as a series expansion
then the series will terminate after a finite number of terms which eases the
explicit calculation of (4.4). In (4.1) i, j run from 1 to r and α, β, γ, τ run
from 1 to n respectively. The field equations of the dilatons {φi} and the
axions {χβ} of the action (4.1) are already derived in [33]. They correspond
to the field equations of {ϕb(xA)} which are the compositions of the bulk
coordinates with the world volume ones of the freely moving p-brane whose
equivalent action is given in (3.26). Since the cosmological term in (3.26)
does not depend on the fields {ϕb(xA)} the field equations derived in [33]
also correspond to the field equations of (3.26). In this section, our main
perspective is to identify the G-invariant metric on the symmetric space
bulk G/K which is a consequence of the gauge chosen in the last section,
therefore for the field equations of the free brane motion we refer the reader
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to [33]. Now following our discussion at the end of the previous section on
the assumed coordinate chart (C ′(U), C ′ −1) if we compare the right hand
side of (4.1) with the first term on the right hand side of (2.15) we may read
the components of the bulk metric
g = gab dϕ
a ⊗ dϕb, (4.7)
on G/K. This metric characterizes the gauge fixed form (3.20) of the G-
global and the K-local symmetric sigma model in (3.4) which takes part in
(3.26) which is the Polyakov equivalent of the free brane action in symmetric
space bulk. The existence of such a metric is due to the invariant construction
of the sigma model [29] and the local equivalence of the minimal, lifted,
viel-bein, and the internal metric constructions of the sigma model on the
coordinate chart (C ′(U), C ′ −1) [27, 28, 29, 44, 45]. The components of g can
now be given as
gij =− 1
8
Aij,
gi,r+β =− 1
8
Biαe 12αjφjΩαβ ,
gr+β,i =− 1
8
Biαe 12αjφjΩαβ ,
gr+γ,r+τ =− 1
2
Cαβe 12αjφje 12βiφiΩαγΩβτ . (4.8)
In matrix form the metric can be written as4
g =
(
C(r×r) M(r×n)
MT(n×r) N(n×n)
)
, (4.9)
where
Cij = gij , Miβ = gi,r+β , Mβi = gr+β,i , Nγτ = gr+γ,r+τ . (4.10)
4C corresponds to Cartan directions, M corresponds to mixed directions, and N cor-
responds to the nilpotent directions on G/K.
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We can explicitly write down the metric g on G/K in the solvable Lie algebra
parametrization introduced in the gauge (3.15) as
g =− 1
8
Aijdφi ⊗ dφj − 1
8
Biαe 12αjφjΩαβdφi ⊗ dχβ −
1
8
Biαe 12αjφjΩαβdχβ ⊗ dφi
− 1
2
Cαβe 12αjφje 12βiφiΩαγΩβτ dχγ ⊗ dχτ . (4.11)
By using the properties of the generalized transpose operator # which coin-
cides with the ordinary matrix transpose in specially chosen representations
as discussed in [33] one can easily verify that
Aij = Aji , Cαβ = Cβα. (4.12)
Also by rearranging indices and with the help of (4.12) one can prove that
gij = gji , gi,r+β = gr+β,i , gr+γ,r+τ = gr+τ,r+γ, (4.13)
which justifies the symmetry of g
gab = gba. (4.14)
The bi-linearity follows from the construction of g in (4.11). On the other
hand as we have stated before if we assume that the axion-dilaton parametriza-
tion locally satisfies to be a coordinate chart (C ′(U), C ′ −1) then
{dϕa} = {dφi, dχβ}, (4.15)
becomes a moving co-frame on the bulk. The dual moving frame being
{∂ϕa}, (4.16)
satisfies
dϕa(∂ϕb) = δ
a
b, (4.17)
and we have
gab = g(∂ϕa , ∂ϕb). (4.18)
Since the local construction of the sigma model via the coordinate chart
(C ′(U), C ′ −1) guarantees the existence of the metric (4.11) the non-degeneracy
of it namely
If g(X, Y ) = 0, ∀X ∈ E1(C ′(U)) =⇒ Y = 0, (4.19)
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assures that
det
(
C(r×r) M(r×n)
MT(n×r) N(n×n)
)
6= 0, (4.20)
on C ′(U) [46, 47]. Also as we have mentioned before the calculation of
(4.4) drops to a finite number of terms and Ω(χβ) becomes a polynomial
function. Consequently the metric components gab become smooth functions
for the general parametrization in particular for the local coordinate chart
we assume.
The metric (4.11) locally defines a pseudo-Riemannian structure onC ′(U).
One may furthermore inspect the conditions (namely the particular brane
motion types) which result in the positivity of the metric so that it defines a
local Riemannian structure.
We will also briefly mention about the distinct symmetry property of
the metric g in (4.11). The right action (3.21) of G on G/K generates
induced vector fields onG/K which are in one to one correspondence with the
tangent space TeG at the identity element or the right-invariant vector fields
on G. These induced vector fields are defined as follows; the one parameter
subgroups of G which are the integral curves of the right-invariant vector
fields passing from the identity element of G generate one parameter group
of local diffeomorphisms on G/K via the action of G on G/K, the vector
fields whose integral curves coincide with the induced curves of these one
parameter group of local diffeomorphisms are the induced vector fields on
G/K. In other words induced vector fields are the ones whose flows coincide
with these action-generated one parameter group of local diffeomorphisms
[48]. Under Lie brackets the induced vector fields become a Lie algebra and
they form a subalgebra of the Lie algebra of G. Now in order that the kinetic
term on the right hand side of (3.26) is invariant under the global right action
of G on G/K the induced vector fields on G/K must be the Killing vectors
of the metric (4.11) defined on C ′(U) [29]. That is to say if {KI} is a basis
for the induced vector fields then
LKIg = 0, (4.21)
where L is the Lie derivative on G/K.5 We may equivalently state this
as follows; if Φ : G −→ Diff(G/K) is the right action of G on G/K then
Φ(G) ⊂ I(gab) ⊂ Diff(G/K) where I(gab) is the isometry group of the bulk
5We can at most speak about the Lie derivative of the metric with respect to the
restrictions of {KI} on C′(U) where the metric is identified.
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metric gab. Thus for the global invariance of the kinetic part of the action
(3.26) we must have Φ(g′)∗g = g ∀g′ ∈ G. Following this observation we can
conclude that the bulk metric (4.11) on G/K is dictated by the symmetry of
the theory that is to say it is implicitly determined by the global right action
of G on G/K.
5 The Levi-Civita Connection on the Bulk
In this section, we will calculate the Levi-Civita connection on the bulk which
is compatible with (4.11) and which is the unique torsion-free connection on
the tangent bundle TM(G/K). To start with, by inspecting the metric (4.11)
we will choose a moving co-frame on TM(G/K). From (4.11) we easily see
that if we choose a moving co-frame on G/K as
ei = dφi , eα = e
1
2
αjφ
j
Ωαβdχ
β, (5.1)
where i, j = 1, ..., r and α, β = 1, ...., n then in this frame the bulk metric
can be expressed as
g = −1
8
Aijei ⊗ ej − 1
8
Biαei ⊗ eα − 1
8
Biαeα ⊗ ei − 1
2
Cαβeα ⊗ eβ . (5.2)
We should observe that in the moving co-frame (5.1) the metric components
become constant
dgab = 0. (5.3)
This will bring a major simplification in the calculation of the corresponding
pseudo-Riemannian connection. We realize that the elements of the moving
co-frame in (5.1) are proportional to the coefficients of the Cartan form G =
dνν−1 which is explicitly calculated in terms of the axions and the dilatons
in [30, 31] as
G = 1
2
dφiHi + e
1
2
αiφ
i
Ωαβ dχ
βEα. (5.4)
Now an affine or a Kozsul connection [9, 36, 49, 50, 51] on G/K is a rule
which assigns to each X ∈ E1(G/K) a linear map
∇X : E1(G/K) −→ E1(G/K), (5.5)
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such that
∇(fX+gY ) = f∇X + g∇Y ,
∇X(fY ) = f(∇XY ) +X(f)Y, (5.6)
∀f, g ∈ C∞(G/K) and ∀X, Y ∈ E1(G/K). Above E1(G/K) denotes the
globally existing module of the vector fields on G/K which is composed of
the sections of the tangent bundle TM(G/K). Now locally if we consider
the dual moving frame of (5.1) namely {bc} such that
(ea, bc) = δ
a
c, (5.7)
where {bc} form up a local basis for E1(G/K) then we can define the unique
covariant exterior derivative D [9, 36, 49, 50, 51] associated with (5.5) as
D : Sp(TM(G/K)) −→ Sp+1(TM(G/K)), (5.8)
where
Sp(TM(G/K)) ∼= E1(G/K)⊗ Ep(G/K), (5.9)
with Ep(G/K) denoting the module of p-forms on G/K. Now if we consider
the action of D on the local moving frame {bc} we have
Dba = bc ⊗ ωca, (5.10)
where the one-forms {ωca} are called the connection one-forms. Also we have
D(Dba) = bc ⊗Rca, (5.11)
where the two-forms {Rca} are called the Ricci curvature two-forms. In fact
both ωca and R
c
a are the components of the tangent space endomorphism-
valued differential forms ω ∈ S1(L(TM(G/K))) and R ∈ S2(L(TM(G/K)))
respectively with
Sp(L(TM(G/K))) ∼= L(E1(G/K) −→ E1(G/K))⊗ Ep(G/K)
∼= E1(G/K)⊗ Ep(G/K)⊗ E1(G/K), (5.12)
which is a local module isomorphism. From this definition we have
ω = bc ⊗ ωca ⊗ ea , R = bc ⊗ Rca ⊗ ea. (5.13)
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One can show that the components of these two objects satisfy [9, 36, 49, 50,
51]
Rca = dω
c
a + ω
c
d ∧ ωda. (5.14)
If one introduces the soldering form
θ = bc ⊗ ec, (5.15)
then the torsion T ∈ S2(TM(G/K)) can be defined as
T = Dθ = bc ⊗ (dec + ωcd ∧ ed). (5.16)
Thus a torsion-free connection satisfies
dec = −ωcd ∧ ed. (5.17)
For a C∞-manifold M , a pseudo-Riemannian or an indefinite structure or
metric onM is a tensor field g ∈ T 02M such that g(X, Y ) = g(Y,X), ∀X, Y ∈
T 1M and ∀p ∈M , gp is a non-degenerate bilinear form on TpM ×TpM . For
a pseudo-Riemannian metric g(· , ·) on M an affine or a Kozsul connection
∇ on TM(G/K) is said to be metric compatible if it satisfies
X(g(Y, Z)) = g(∇XY, Z) + g(Y,∇XZ), (5.18)
∀X, Y, Z ∈ E1(M). One can show that for a metric compatible connection6
dgab = ωab + ωba. (5.19)
Thus for a moving co-frame which generates constant metric components
likewise in (5.1) the metric compatibility reads
ωab = −ωba. (5.20)
The fundamental theorem of Riemannian geometry [9, 36, 49, 50, 51] states
that for a pseudo-Riemannian structure g(· , ·) on a C∞-manifold M there
exists a unique torsion-free, metric compatible connection on the tangent
bundle TM(M) which is called the Levi-Civita connection. Our point of
view in this section is to calculate the connection one-forms and the Ricci
curvature two-forms of the Levi-Civita connection associated with the metric
6For the following analysis in this section we will raise or lower the indices by using the
metric components gab.
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(5.2) on G/K. The reason for the need of such an explicit calculation within
the brane dynamics we study in this manuscript will be clear in the next
two sections. Now if we consider the moving co-frame (5.1) following the
review we have done above which covers the basics of the pseudo-Riemannian
geometry, the connection one-forms of the Levi-Civita connection of (5.2)
must satisfy the two Cartan structure equations
dec = −ωcd ∧ ed,
ωab = −ωba. (5.21)
Owing to the gauge (3.15) and the resulting axion-dilaton coordinates we
have specified for the bulk we will separate the indices for the Cartan and
the nilpotent directions as
{a} −→ {i, α}, (5.22)
where a = 1, ...,dim(G/K) also i = 1, ..., r and α = 1, ..., n. Their sum being
r+ n =dim(G/K). Now in computing the connection one-forms firstly after
a direct calculation from (5.1) we find that
dei = 0,
deα = −1
2
αme
αm + Cατρe
ρτ . (5.23)
Here we define the coefficients
Cατρ = e
1
2
(αj−τj−ρj)φjD αγ β(Ω
−1)βτ (Ω
−1)γρ, (5.24)
where D αγ β ≡ (Dγ)αβ are the components of the n× n matrix
Dγ = ∂Ω
∂χγ
, (5.25)
for which the definition and the computation is discussed in detail in [33].
Since we have constant metric components
dea = gabde
b. (5.26)
Thus lowering the indices in (5.23) yields7
dei = −1
2
giααme
αm + giαC
α
τρe
ρτ ,
deα = −1
2
gαββme
βm + gαβC
β
τρe
ρτ . (5.27)
7The reader should pay attention that if an index is free there is no sum on it however
we use the Einstein summation convention for all the non-free indices.
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For the viel-bein (5.1) and its dual defined in (5.7) we have
(dea | bc ⊗ bd) = −(ωab ∧ eb | bc ⊗ bd)
= −(ωad | bc) + (ωac | bd), (5.28)
where the parentheses define the action of the differential-forms on the tensor
fields and where we have made use of the torsion-free equation from (5.21)
and the definition of the wedge product
A ∧ B = A⊗B −B ⊗ A. (5.29)
By using (5.28) together with the metric compatibility equation from (5.21)
one can show that
(ωab | bc) = 1
2
[
(deb | bc ⊗ ba) + (dea | bb ⊗ bc)− (dec | ba ⊗ bb)
]
, (5.30)
where we have also referred to (5.26). Now due to the definition of the dual
moving frame in (5.7) one can construct the connection one-forms which are
introduced in (5.10) as
ωab = (ωab | bc)ec. (5.31)
The components in the above expression can be calculated by direct insertion
of (5.27) in (5.30). Doing so and bearing in mind our index separation con-
vention after a straightforward calculation we find the following connection
one-forms
ωkj =
1
4
(gkγγj − gjγγk)eγ ,
ωγj =
1
4
(gjγγi + giγγj)e
i +
1
2
[
gjα(C
α
γµ − Cαµγ) +
1
2
gγµ(µj + γj)
]
eµ,
ωγσ =
1
2
[ 1
2
gσγ(γi − σi)− giα(Cασγ − Cαγσ)
]
ei
+
1
2
[
gσβ(C
β
γµ − Cβµγ) + gγβ(Cβµσ − Cβσµ) + gµβ(Cβγσ − Cβσγ)
]
eµ.
(5.32)
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By directly plugging into the Cartan structure equations (5.21) the reader
may verify that the one-forms in (5.32) are the correct ones satisfying (5.21)8.
If one lowers the free index in (5.14) due to the constancy of the metric
components one gets
Rca = dωca + ωcd ∧ ωda. (5.33)
Once the connection one-forms are calculated in (5.32) it is a straightforward
but a handy task to compute the curvature two-forms from (5.33) with also
the help of (5.27). We should again refer to the index convention of (5.1).
To calculate the curvature two-forms in (5.33) for three different couples of
index generations we will take the exterior derivative of the connection one-
forms in (5.32), then compute the appropriate wedge products in (5.33), then
add the two, finally collect the factors within the two-form basis generated
by (5.1). This calculation for the Cartan direction components of R yields
Rkj =
(
− 1
8
γm(gkγγj − gjγγk) + g
iα
16
(gkγγi − giγγk)(gjααm + gmααj)
+
gαn
16
(gkααm + gmααk)(gnγγj − gjγγn) + g
ατ
8
(gkααm + gmααk)
× (gjσCστγ − gjσCσγτ +
1
2
gτγγj +
1
2
gγττj)− g
ατ
8
(gjττm + gmττj)
× (gkσCσαγ − gkσCσγα +
1
2
gγααk +
1
2
gαγγk)
)
eγm
+
(
Cγκρ
4
(gkγγj − gjγγk) + g
in
16
(gkρρi − giρρk)(gnκκj − gjκκn)
+
giα
8
(gkρρi − giρρk)(gjτCτακ − gjτCτκα +
1
2
gακκj +
1
2
gκααj)
− g
αn
8
(gnκκj − gjκκn)(gkτCταρ − gkτCτρα +
1
2
gαρρk +
1
2
gρααk)
− g
ατ
4
(gkθC
θ
αρ − gkθCθρα +
1
2
gαρρk +
1
2
gρααk)(gjσC
σ
τκ − gjσCσκτ
+
1
2
gτκκj +
1
2
gκττj)
)
eρκ
8We have indeed checked this, the antisymmetry of ωkj , ωγσ is straightforward, for ωγj
one also has to calculate ωjγ , on the other hand for the torsion-free condition one has to
construct −ωcd∧ed after a moderately lengthy computation for both species of free indices
and then one can prove that the results are equal to the expressions in (5.27).
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−
(
gατ
16
(gkααi + giααk)(gjττl + glττj)
)
eil. (5.34)
On the other hand, since in nilpotent directions the expressions in (5.32)
contain C-coefficients defined in (5.24) we have to consider their derivations.
First of all we will define
d(D αγ β(Ω
−1)βτ (Ω
−1)γρ) = Z
′α
τρθe
θ, (5.35)
where
Z ′ατρθ = U
α
τρθ + V
α
τρθ + Y
α
ρτθ, (5.36)
with
Uατρθ = e
−
1
2
θiφiE αγκ β(Ω
−1)βτ (Ω
−1)γρ(Ω
−1)κθ,
V ατρθ = e
−
1
2
θiφiD αγ βF
β
ξ τ (Ω
−1)γρ(Ω
−1)ξ θ,
Y αρτθ = e
−
1
2
θiφiD αγ βF
γ
ξ ρ(Ω
−1)βτ (Ω
−1)ξ θ. (5.37)
Here we have also introduced the derivations
E αγκ β =
∂(D αγ β)
∂χκ
, F βξ τ =
∂((Ω−1)βτ )
∂χξ
. (5.38)
Now if we further define
Zατρθ = e
1
2
(αj−τj−ρj)φjZ ′ατρθ, (5.39)
and
Z
α
τρn =
1
2
(αn − τn − ρn)e 12 (αj−τj−ρj)φjD αγ β(Ω−1)βτ (Ω−1)γρ, (5.40)
we can eventually express the exterior derivative of the C-coefficients which
play essential role in the derivation of the curvature two-forms in non-Cartan
directions from connection one-forms via (5.33) as
dCατρ = Z
α
τρne
n + Zατρθe
θ. (5.41)
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Now using the definitions in this computational result and following the
method we have mentioned before one can systematically derive the com-
ponents of the bundle-valued curvature form R in the nilpotent and the
mixed directions. This rigorous derivation for the mixed directions yields
Rαj =
(
− 1
4
µmgjτ(C
τ
αµ − Cτµα)−
1
8
µmgµα(µj + αj)− 1
2
gjτ(Z
τ
αµm − Z
τ
µαm)
− 1
4
(giααm + gmααi)
(gik
4
(gkµµj − gjµµk) + g
iβ
2
(gjσC
σ
βµ − gjσCσµβ
+
1
2
gβµµj +
1
2
gµββj)
)
+
giβ
8
(giτC
τ
αµ − giτCτµα +
1
2
gαµµi +
1
2
gµααi)
× (gjββm + gmββj)− 1
2
(gβα
2
(αm − βm)− gmτ (Cτβα − Cταβ)
)
× (gβk
4
(gkµµj − gjµµk) + g
βσ
2
(gjκC
κ
σµ − gjκCκµσ +
1
2
gσµµj
+
1
2
gµσσj)
)
+
gβσ
8
(
gβτ (C
τ
αµ − Cτµα) + gατ (Cτµβ − Cτβµ)
+ gµτ (C
τ
αβ − Cτβα)
)
(gjσσm + gmσσj)
)
eµm
+
(
gjκ
2
(Zκατρ − Zκταρ) +
1
2
gjκC
µ
τρ(C
κ
αµ − Cκµα) +
1
4
gµαC
µ
τρ(µj + αj)
+
1
2
(giκC
κ
αρ − giκCκρα +
1
2
gαρρi +
1
2
gρααi)
(gik
4
(gkττj − gjττk)
+
giβ
2
(gjσC
σ
βτ − gjσCστβ +
1
2
gβττj +
1
2
gτββj)
)
+
1
2
(
gβκ(C
κ
αρ − Cκρα)
+ gακ(C
κ
ρβ − Cκβρ) + gρκ(Cκαβ − Cκβα)
)(gβk
4
(gkττj − gjττk)
+
gβσ
2
(gjθC
θ
στ − gjθCθτσ +
1
2
gσττj +
1
2
gτσσj)
))
eρτ
+
(
giβ
16
(giααm + gmααi)(gjββl + glββj) +
gβσ
8
(gβα
2
(αm − βm)
− gmτ (Cτβα − Cταβ)
)
(gjσσl + glσσj)
)
eml, (5.42)
which implicitly contains the derivation coefficients of C-terms introduced in
(5.41). Furthermore following a longer computation the curvature two-forms
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in pure nilpotent directions can be derived as
Rγβ =
(
− gmθ
2
(Zθβγµ − Zθγβµ)−
1
4
µm
(
gβθ(C
θ
γµ − Cθµγ) + gγθ(Cθµβ − Cθβµ)
+ gµθ(C
θ
γβ − Cθβγ)
)− 1
2
(
gβθ(Z
θ
γµm − Z
θ
µγm) + gγθ(Z
θ
µβm − Z
θ
βµm)
+ gµθ(Z
θ
γβm − Z
θ
βγm)
)− 1
4
(gjγγm + gmγγj)
(− gjk
2
(gkθC
θ
βµ
− gkθCθµβ +
1
2
gβµµk +
1
2
gµββk) +
gjα
2
(
gβθ(C
θ
αµ − Cθµα)
+ gαθ(C
θ
µβ − Cθβµ) + gµθ(Cθαβ − Cθβα)
))
+
1
2
(
gjσ(C
σ
γµ − Cσµγ)
+
1
2
gµγ(µj + γj)
)(− gjk
4
(gkββm + gmββk) +
gjα
2
(gβα
2
(αm − βm)
− gmθ(Cθβα − Cθαβ)
))− 1
2
(gσγ
2
(γm − σm)− gmα(Cασγ − Cαγσ)
)
× (− gσk
2
(gkθC
θ
βµ − gkθCθµβ +
1
2
gβµµk +
1
2
gµββk)
+
gσκ
2
(
gβθ(C
θ
κµ − Cθµκ) + gκθ(Cθµβ − Cθβµ) + gµθ(Cθκβ − Cθβκ)
))
+
1
2
(
gσα(C
α
γµ − Cαµγ) + gγα(Cαµσ − Cασµ) + gµα(Cαγσ − Cασγ)
)
× (− gσk
4
(gkββm + gmββk) +
gσκ
2
(gβκ
2
(κm − βm)
− gmθ(Cθβκ − Cθκβ)
)))
eµm
+
(
1
2
(
gβθ(Z
θ
γτρ − Zθτγρ) + gγθ(Zθτβρ − Zθβτρ) + gτθ(Zθγβρ − Zθβγρ)
)
+
Cµτρ
2
(
gβθ(C
θ
γµ − Cθµγ) + gγθ(Cθµβ − Cθβµ) + gµθ(Cθγβ − Cθβγ)
)
+
1
2
(gργ
2
(ρj + γj) + gjσ(C
σ
γρ − Cσργ)
)(− gjk
2
(gkθC
θ
βτ
− gkθCθτβ +
1
2
gβττk +
1
2
gτββk) +
gjα
2
(
gβθ(C
θ
ατ − Cθτα)
+ gαθ(C
θ
τβ − Cθβτ ) + gτθ(Cθαβ − Cθβα)
))
+
1
2
(
gσα(C
α
γρ − Cαργ)
+ gγα(C
α
ρσ − Cασρ) + gρα(Cαγσ − Cασγ)
)(− gσk
2
(gkθC
θ
βτ
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− gkθCθτβ +
1
2
gβττk +
1
2
gτββk) +
gσκ
2
(
gβθ(C
θ
κτ − Cθτκ)
+ gκθ(C
θ
τβ − Cθβτ ) + gτθ(Cθκβ − Cθβκ)
)))
eρτ
+
(
− 1
2
glα(Z
α
βγm − Z
α
γβm) +
1
4
(gjγγm + gmγγj)
(− gjk
4
(gkββl
+ glββk) +
gjα
2
(gβα
2
(αl − βl)− glθ(Cθβα − Cθαβ)
))
+
1
2
(gσγ
2
(γm − σm)− gmα(Cασγ − Cαγσ)
)(− gσk
4
(gkββl + glββk)
+
gσκ
2
(gβκ
2
(κl − βl)− glθ(Cθβκ − Cθκβ)
)))
eml. (5.43)
By carefully inspecting (5.34), (5.42), and (5.43) one can verify that they
satisfy
Rkj = −Rjk , Rαj = −Rjα , Rγβ = −Rβγ , (5.44)
which is a direct consequence of the metric compatibility (5.20) when used
in (5.33)9.
6 Gauss Equation
In this section, we will focus on the details of the geometry of the braneworld
immersion in the bulk. In Section two, we have discussed that the metric
(2.2) on the braneworld is induced by the bulk metric. In the Nambu-Goto
action this fact is introduced as a definition so that the action defines a
multiple of the pseudo-Riemannian volume of the braneworld in the bulk.
Whereas for the equivalent Polyakov action (2.2) appears as a field equa-
tion of the braneworld metric which is made a dynamic field. Both of these
approaches require that the braneworld and the bulk metrics are related by
the push forward map of the inclusion map of the braneworld in the bulk.
In this manuscript our main framework are the cases when the braneworld
is an immersion [36] in the bulk so that the inclusion map is a C∞-map
and its differential map is injective. If the immersion itself is injective then
we will have an imbedding. A more restrictive case would be assuming the
9Again to show the second identity in (5.44) one has to calculate Rjα separately.
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braneworld to be a submanifold of the bulk which would bring more restric-
tions on the submersion characteristics of the differential (atlas) structures
of the braneworld and the bulk [36]. Therefore by requiring the relation (2.2)
we geometrize the pseudo-Riemannian braneworld as an isometric immersion
in the pseudo-Riemannian bulk. In this case (2.2) becomes the first funda-
mental form. Since the Nambu-Goto action is proportional to the volume of
the braneworld in the bulk the variational principle leads to the minimality
condition thus the braneworld becomes a minimal immersion or submani-
fold of the bulk. Our formulation in this section will follow the outlines of
[37, 38, 39, 40]. We should first observe that
{ ∂
∂ϕ1
, · · · , ∂
∂ϕr
,
∂
∂ϕr+1
, · · · , ∂
∂ϕr+n
} = { ∂
∂φ1
, · · · , ∂
∂φr
,
∂
∂χ1
, · · · , ∂
∂χn
},
(6.1)
is a local coordinate frame on the bulk10 the dual bulk moving co-frame
being {dϕa} = {dφi, dχα}. By bearing in mind that on the braneworld
ϕa = ϕa(x1, · · · , xp+1), for A = 1, · · · , p+ 1 if one considers the set
{rA} = {∂Aϕa ∂
∂ϕa
}, (6.2)
of vector fields at the bulk-braneworld intersection then their restriction to
the world volume becomes a moving frame on the braneworld [37]. At this
stage we will introduce the orthogonal tangent space decomposition of the
bulk at any point p ∈ W ⊂ G/K
Tp(G/K) = Tp(W )⊕
[
Tp(W )
]⊥
, (6.3)
where if X ∈ Tp(W ) and Y ∈ [Tp(W )
]⊥
then
g(X, Y ) = 0. (6.4)
This decomposition induces a local module decomposition of vector fields on
the bulk11
E1(G/K) = H(W )⊕ V (W ), (6.5)
10The reader should take ∂/∂ϕa as the push-forward of the coordinate basis frame on
R
(r+n) via the inverse of the coordinate chart map.
11In fact, meaningfully bulk vector fields on the intersection of the bulk and the
braneworld.
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with horizontal vector fields H(W ) such that H(W ) ∼= E1(W ) and their ver-
tical complements V (W )12. Therefore (6.2) becomes a local basis for H(W ).
For our construction of the Gauss equation which relates the curvature ele-
ments of the bulk to the braneworld in addition to the coordinate frame (6.1)
and the co-frame (5.1) which we made use of in the previous section we will
consider a third frame for the bulk based on the decomposition (6.3) namely
{e′a} = {rA, ξm}, (6.6)
where m = 1, · · · , r + n − (p + 1), and {ξm} is an arbitrary local frame for
the vertical vector fields V (W ). Since ϕa = ϕa(xA) on the world volume we
have
dϕa = ∂Aϕ
adxA. (6.7)
If now we consider the moving co-frame {e˜ a} = {dxA, ξ˜ m} on the bulk we
have the transformation
dϕa = Sabe˜
b = ∂Aϕ
adxA + Samξ˜
m, (6.8)
which gives (6.7) when restricted onto the braneworld. From (6.8) we see
that we have the dual moving frame transformation
b˜a =
∂
∂ϕb
Sb a, (6.9)
where {b˜a} = { ∂∂xA , ξm}. When we compare (6.2) with (6.9) we conclude that
rA =
∂
∂xA
, (6.10)
which justifies that (6.2) is a moving frame for the braneworld W . Now let
us introduce the orthogonal projection operators
H : E1(G/K) −→ H(W ) , V : E1(G/K) −→ V (W ). (6.11)
We can introduce the T -tensor by first defining
TE F = V(∇HE(HF )) +H(∇HE(VF )), (6.12)
12This terminology switches for the submersions.
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where E, F ∈ E1(G/K). Here ∇ is the Levi-Civita connection of the bulk
metric (5.2) on the bulk. Now if we define
T (X1, X2, ω) =< TE F, ω >, (6.13)
then T ∈ T 12(G/K)13. When X1, X2 ∈ H(W ) then the second term in (6.12)
drops and we are led to the definition of the second fundamental form or the
extrinsic curvature [52] of the braneworld immersion
B(X1, X2) = V(∇HX1(HX2)) = V(∇X1(X2)) ≡ (∇X1(X2))⊥, (6.14)
whose image is clearly an element of V (W ). One can show that
B(X1, X2) = ∇X1(X2)−∇WX1(X2), (6.15)
where ∇W is the Levi-Civita connection on the braneworld corresponding
to the first-fundamental form or the induced metric defined in (2.2). We
should state that for the second term in (6.15) which is an element of H(W )
we consider the restrictions of the bulk vector fields X1, X2 ∈ H(W ) on the
braneworld which are full copies of the formers. Comparing (6.14) and (6.15)
we see that
∇WX1(X2) = H(∇X1(X2)). (6.16)
Since T ∈ T 12(G/K) and since B(X1, X2) ∈ V (W ) by using the bulk frame
(6.6) we can introduce the components of the second fundamental form as
B = LmAB r˜
A ⊗ r˜B ⊗ ξm. (6.17)
Here r˜A, r˜B are the dual one-forms of rA, rB. We prefer using the notation
of [37]. One can keep also the {rA} elements of (6.6) arbitrary likewise
the vertical complements instead of specifying them in (6.2) and then define
the second fundamental form components. However the practical essence of
the frame (6.6) will show itself when we write the Gauss equation since it
contains the {rA} part as a frame for the braneworld. Now if X1 = xA1 rA and
X2 = x
B
2 rB then we have
B(X1, X2) = L
m
AB x
A
1 x
B
2 ξm. (6.18)
Also
B(rA, rB) = L
m
AB ξm. (6.19)
13With the help of the bulk metric (6.12) can also be used to define a T3(G/K) tensor.
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Thus from (6.15) we have
∇rA(rB) = ∇WrA(rB) + LmAB ξm
= Γ˜ CABrC + L
m
AB ξm, (6.20)
where Γ˜ CAB are the Christoffel symbols with respect to the basis (6.2) of the
induced metric on the braneworld. By using (6.4) from (6.20) we can derive
that
g(∇rA(rB), ξn) = LmABgmn, (6.21)
where gmn = g(ξm, ξn). At this point if we switch back to the coordinate
basis on the bulk the connection entry above can be calculated as [37, 38]
∇rA(rB) = ∇∂Aϕa ∂∂ϕa (∂Bϕ
b ∂
∂ϕb
) =
[
∂Aϕ
b∂(∂Bϕ
c)
∂ϕb
+ ∂Aϕ
a∂Bϕ
bΓcab
] ∂
∂ϕc
=
[
∂2ABϕ
c + ∂Aϕ
a∂Bϕ
bΓcab
] ∂
∂ϕc
, (6.22)
where we define
∂2ABϕ
c =
∂2ϕc
∂xA∂xB
. (6.23)
In (6.22) the Cristoffel symbols belong to the bulk metric and they are with
respect to the coordinate frame (6.1) namely
∇ ∂
∂ϕa
(
∂
∂ϕb
) = Γcab
∂
∂ϕc
. (6.24)
One can calculate them from the bulk metric components in (4.8) as [49]
Γcab =
1
2
gcd
[
∂a(gbd) + ∂b(gda)− ∂d(gab)
]
, (6.25)
where we omit the torsion terms since we calculate the Levi-Civita connection
coefficients, as well as the basis structure constant terms since our basis is a
coordinate one. In (6.25) we use ∂a = ∂/∂ϕ
a. Now the second fundamental
form coefficients in (6.21) can be expressed in terms of the bulk coordinates
as
LmABgmn = FABn(ϕa, ∂ϕa, ∂2ϕa), (6.26)
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where the functional FABn is
FABn(ϕa, ∂ϕa, ∂2ϕa) =
[
∂2ABϕ
c + ∂Aϕ
a∂Bϕ
bΓcab
]
ξengce, (6.27)
where we have defined the components of the vertical frame via ξn = ξ
e
n
∂
∂ϕe
which are subject to the conditions (which can be read in terms of the bulk
coordinates from)
∂Aϕ
aξbmgab = 0, (6.28)
resulting from (6.4) and for which A = 1, · · · , p+ 1 and m = 1, · · · , n+ r −
(p+1). We should state that since the second fundamental form is symmetric
B(X1, X2) = B(X2, X1) we have L
m
AB = L
m
BA which can easily be seen from
(6.19). In addition to the above mentioned method on the other hand if one
calculates the metric components and the corresponding Christoffel symbols
Γ ′ cab with respect to the basis (6.6) then with the help of (6.4) from (6.21)
one can directly find the second fundamental form components as
LmAB = Γ
′m
AB. (6.29)
Having defined the second fundamental form, to construct the Gauss equation
we will now consider the metric dual of the bulk Riemann tensor whose
action can be obtained via R(X, Y, Z, T ) = g(R(X, Y )Z, T ) for X, Y, Z, T ∈
E1(G/K). Its components in a bulk moving frame {ba} can be found as
Rabcd = g(R(ba, bb) bc, bd). Here we have introduced
R(X, Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ]. (6.30)
If n = 0, · · · , 4 denotes the number of horizontal vector fields in the set
X, Y, Z, T ∈ E1(G/K) from the computation of R(X, Y, Z, T ) one can ob-
tain the five fundamental equations of the braneworld immersion in the bulk
including the Gauss (n = 4), Ricci (n = 2), and the Codazzi (n = 3) equa-
tions [37, 38, 39, 40]. We will focus only on the Gauss equation for our main
objective of relating the bulk and the braneworld curvatures. It reads
g(R(X, Y )Z, T ) = G(RW (X, Y )Z, T ) + g
(
B(X, T ), B(Y, Z)
)
− g(B(Y, T ), B(X,Z)), (6.31)
where G(RW (X, Y )Z, T ) is the action of the index lowered Riemann tensor
of the braneworld14 on the horizontal vector fields X, Y, Z, T which have
14Corresponding to the Levi-Civita connection of the induced metric on the braneworld.
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exact copies in E1(W ). As we have stated before by using the special bulk
frame (6.6) which contains a braneworld frame in it we can use the Gauss
equation (6.31) to relate the Riemann tensor components of the bulk and the
braneworld. Direct substitution of (6.6) in (6.31) gives
RWABCD = RABCD +
[
LmACL
n
BD − LmBCLnAD
]
gmn. (6.32)
We may express this equation in terms of the functionals defined in (6.27) as
RWABCD = RABCD + F mAC FBDm −F mBC FADm, (6.33)
where F mAC = FACngnm with gnm being the inverse of gnm = g(ξn, ξm).
7 Gravitating Dynamic Branes
In this section, we will consider the gravity sector of a dynamic brane coupled
to world volume gravity and matter fields that is immersed in a symmetric
space bulk. The gravity and the matter sectors will be coupled to the in-
duced braneworld metric (2.2) which arise from the natural definition of the
braneworld dynamics where the braneworld is an isometric immersion in the
bulk. In Section two, we have considered the free brane motion. When one
applies the least action principle to the Nambu-Goto action of (2.7) the field
equations one derives correspond to a minimal isometric immersion since
(2.7) is proportional to the volume of the braneworld in the bulk. These
field equations are equivalent to the vanishing of the vertical mean curvature
vector field [37, 38, 53, 54] which is defined as
H =
1
p+ 1
LmABG
ABξm. (7.1)
Thus one may simply replace the field equations of (2.7) with Lm AA =
LmABG
AB = 0 for m = 1, · · · , n + r − (p + 1). Therefore from the second
fundamental form point of view the free brane motion has well defined restric-
tions which relate it to the theory of analytical functions [53, 54]. However
in this section due to the presence of accompanying fields variation of the
total action will not result in a minimality condition for the Nambu-Goto
term (its variation is not equal to zero). This means that the braneworld
volume is not minimized any more and we do not have simply a minimal
isometric immersion still an isometric immersion though. Thus the second
31
fundamental form geometry of the immersion, though restricted further has a
more complicated role in the overall dynamics. Bearing in mind this fact our
primary objective in this section will be to combine the ingredients from the
previous sections in order to find a geometrical method of implementing into
the Einstein equation the induced braneworld metric condition which may
be considered as a constraint equation in an alternative approach which en-
ables the reduction of the brane action term naturally to a new cosmological
constant term in the overall action. By doing so one may derive the Einstein
equations by means of the usual independent metric variation methods then
one can express these equations solely in terms of the bulk coordinates of
the braneworld by implementing the above mentioned constraint. In this
manner, we may also be able to express the gravity dynamics explicitly in
terms of the second fundamental form (the extrinsic curvature). Now as a
start let us consider the gravity and the matter coupled dynamic braneworld
action which can be given as
SBrane = −Tp
∫
W
d(p+1)σ
√
−det(gab∂Aϕa∂Bϕb)
+
∫
W
(
1
16κpi
R
(W )
AB ∧ ∗eAB + ∗Λ
)
+
∫
W
LMatter, (7.2)
where GAB = gab∂Aϕ
a∂Bϕ
b is the induced metric on the braneworld from the
bulk which originates from the physical kinematics of the free brane dynam-
ics15. Here the Hodge star operator is defined with respect to this induced
braneworld metric (2.2). In the above action (W ) stands for the braneworld
fields. Also while the little Latin indices correspond to the bulk the capi-
tal ones correspond to the braneworld. We will take the moving co-frame
on the braneworld as the coordinate co-frame {eA} = {dxA} = {r˜A} of the
previous section. Thus the volume-form d(p+1)σ is also constructed from
this co-frame and the braneworld metric components are calculated with re-
spect to it. Both in (7.2) and in the following we prefer to use the notation
eABC··· = eA ∧ eB ∧ eC ∧ · · · . In its most pure form in the above action
apart from the matter fields the braneworld coordinates {ϕa(xA)} (as scalar
fields on the braneworld) are the only independent fields. If the bulk does
15In order that the free brane mimics a relativistic particle its world volume must be
minimized so that its metric must be the induced one and it must be an isometric immer-
sion.
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not admit any dynamics or if the braneworld dynamics do not bring any
constraints on it then in the simplest case of (7.2) one may start with a bulk
metric independently and derive the expression for the induced braneworld
metric. On the other hand in the most general case if the bulk carries a dy-
namical structure on it which may or may not be induced by the braneworld
then GAB = gab∂Aϕ
a∂Bϕ
b links the two dynamics. In either case not only the
braneworld metric GAB = gab∂Aϕ
a∂Bϕ
b but also the related gravity struc-
tures become functionals of the braneworld coordinates. As the reader may
quickly realize in its pure form in which (7.2) is considered solely in terms
of {ϕa(xA)} the derivation of the variation of (7.2) in terms of {ϕa(xA)}
becomes a highly non-standard and a cumbersome computation. This is due
to the fact that as a result of the induced metric GAB = gab∂Aϕ
a∂Bϕ
b
R
(W )
AB = R
(W )
AB (ϕ
a), ∗ = ∗(ϕa). (7.3)
Due this complification we will follow a different track in which we will replace
(7.2) with a constraint system. In (7.2) in addition to the matter fields and
the braneworld coordinates {ϕa(xA)} we will take the braneworld metric
GAB as independent too. Therefore we see that in this case (2.2) namely
GAB = gab∂Aϕ
a∂Bϕ
b relates these independent fields to each other so it must
be taken as a set of constraint equations in this new approach. Thus we have
the equivalent system
SBrane = −Tp
∫
W
d(p+1)σ
√
−det(gab∂Aϕa∂Bϕb)
+
∫
W
(
1
16κpi
R
(W )
AB ∧ ∗eAB + ∗Λ
)
+
∫
W
LMatter
GAB = gab∂Aϕ
a∂Bϕ
b, (7.4)
Now in our new system through the action of the Hodge star operator on
the volume-form one can express the variation of the metric in terms of the
variations of the co-frame. Thus the variations of the co-frame are related
to the variations of the brane world coordinates via the constraints. For this
reason in this new approach where we also consider the brane world metric as
a fundamental independent field one can not simply vary the action in (7.4)
and equate the variation coefficients to zero to find the field equations since
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they are not independent and they are related by the constraint equations.
One way of overcoming this difficulty is to insert the constraint equation
(2.2) a priori in the action of (7.4) then vary it abolishing the dependency
of the variations. However still the resulting field equations must be solved
together with the constraints (2.2). Now if we use the constraint equation of
(7.4) in the action of (7.4) the braneworld kinetic term can be added to the
cosmological constant term and we end up with the constraint system
SBrane =
∫
W
(
1
16κpi
R
(W )
AB ∧ ∗eAB + ∗Λeff
)
+
∫
W
LMatter,
GAB = gab∂Aϕ
a∂Bϕ
b, (7.5)
where Λeff = Λ − Tp and the free fields are the {GAB, ϕa} and the mat-
ter fields. At this stage one may simply vary the action and derive the
field equations without worrying about the constraints as we have mentioned
above. Even, since (7.5) does not have any explicit {ϕa} dependence if one
suppresses and ignores the braneworld coordinate degrees of freedom as it
is usual in the relative literature one may end up with an ordinary matter-
gravity coupling problem on the braneworld. In this methodology one may
follow two tracks after deriving the Einstein equations from (7.5) which do
not have any explicit {ϕa} dependence. Firstly if the bulk metric is not im-
posed one may study the braneworld gravity for various GAB and its spin
connections and then by using the constraint equations of (7.5) one may lift
the results to the bulk. The second problem is the most general case which
is therefore more involved. In this case the bulk metric may be assigned
directly or it may emerge as a result of some dynamics in the bulk. Then
although not explicitly appearing in the Einstein equations corresponding to
(7.5), as hidden in the constraint part of (7.5) the braneworld coordinates
{ϕa} link the bulk dynamics to the brane dynamics. In this case since the
bulk metric becomes a function of the braneworld coordinates at the brane-
bulk interface one looses the freedom to start with an arbitrary braneworld
metric GAB to compute the relative spin connection. Therefore one must
find means to express the Einstein equations obtained from (7.5) in terms of
the true-original independent fields of (7.2) which are the braneworld coor-
dinates. In this manner the braneworld dynamics can be directly related to
the bulk one. The direct way of expressing the braneworld gravity sector in
terms of the brane coordinates is to start with the constraint part of (7.5)
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and then to derive the associated Levi-Civita connection on the bulk and
to use the result in the Einstein equation. As the reader may realize this
is technically a very non-linear method as we have mentioned before. The
naturally preferred method is to make use of the Gauss equation of Section
six, this is possible as the braneworld is intrinsically an isometric immersion
in the bulk via the original definition of its dynamics. In this way follow-
ing the usual gravity formulation of the braneworld which includes R
(W )
AB one
may directly implement the {ϕa} dependence via the Gauss equation (6.33)
whose right hand side is a function of {ϕa}. This will be the method we will
use in this section. Up to now the formulation we have discussed remains in
its most general form. Our major contribution within this general formalism
is to specify the bulk. In this section we will specialize in the case where the
bulk is a G/K symmetric space. In fact this is at the heart of the present
work and although Section six presents the general formalism of relating the
bulk and the braneworld, Sections four and five will provide the special bulk
metric and its bulk spin connection which are required in the Gauss equation
(6.33). Before deriving the field equations in the above mentioned direction
we should remark one point. The Nambu-Goto action in (7.4) can freely be
exchanged with the Polyakov one (2.8) without needing a further cosmolog-
ical constant contribution. This is possible because the Polyakov version of
(7.4) which is also a constraint system will produce a non-vanishing energy-
momentum tensor as we have gravity and matter field couplings now. Thus
the constraint equations in (7.4) are no more inconsistent with the Einstein
equation of this equivalent Polyakov system. Thus they can be freely used to
obtain the Nambu-Goto form. This justifies the equivalence of the Nambu-
Goto and the Polyakov versions of (7.4)16. We will not directly make use
of the Polyakov version but this equivalence will enable us to assume the
special form of the brane dynamics in the form of the symmetric space sigma
model at the Polyakov level which is discussed in detail in Section three.
Therefore we can state that our symmetry discussion of Section three keeps
its validity for (7.2) and its equivalents (7.4) and (7.5). The bulk metric
gab at the braneworld bulk intersection is again dictated by the symmetries
of the brane theory which we will assume to be described by a symmetric
space sigma model at the equivalent Polyakov formalism. We assume the
symmetric space sigma model dynamics for the brane kinetic term so that in
this way the brane dynamics may exhibit a rich class of conserved local and
16In this case we have Tp = T (p+ 1).
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global charges which can reflect itself as a rich structure of symmetries. The
price one pays for this is the restrictions on the isometric immersion of the
world volume in the symmetric space bulk. This is the major complication
of this specific problem which we have already faced within the computation
of the bulk curvature in Section five. As we have seen in Section four the
symmetry requirements of the braneworld kinetics fix the form of the bulk
metric at the braneworld intersection in terms of the braneworld coordinates
as (4.11). Thus in this special case in (7.2) and its equivalents (7.4), (7.5)
the bulk metric becomes (4.11). With this observation finally we can express
the complete dynamics of the brane whose motion in a symmetric space bulk
is governed by a symmetric space sigma model and which is coupled to the
gravity and the matter fields as
SBrane =
∫
W
(
1
16κpi
R
(W )
AB ∧ ∗eAB + ∗Λeff
)
+
∫
W
LMatter,
GAB = gab∂Aϕ
a∂Bϕ
b,
g = −1
8
Aijdφi ⊗ dφj − 1
8
Biαe 12αjφjΩαβdφi ⊗ dχβ
− 1
8
Biαe 12αjφjΩαβdχβ ⊗ dφi −
1
2
Cαβe 12αjφje 12βiφiΩαγΩβτ dχγ ⊗ dχτ .
(7.6)
The later two are constraints on the independent fields {ϕa(xA), GAB}. The
method we will follow to express the gravity sector of (7.6) in terms of the
true independent fields which are the braneworld coordinates is in three steps.
First we will derive the field equations by considering GAB as an independent
field in addition to the braneworld coordinates. This is possible due to the
construction of the action (7.6) by introducing constraints as we have dis-
cussed above. Secondly one computes the Levi-Civita connection of the bulk
metric given in (7.6). This is exactly what we have done in Section five. We
will simply adopt the results from there. Thirdly in the Gauss equation we
will use this bulk spin connection arising from the braneworld symmetries
at the intersection of the bulk with the braneworld. When this form of the
Gauss equation is used in the isometrically immersed braneworld curvature
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which enters into the braneworld Einstein equation then it finally reformu-
lates the dynamics in terms of the braneworld coordinates. In all of the
following formulation as the reader may appreciate we will avoid using the
explicit form of the bulk spin curvature components derived in (5.34), (5.42),
and (5.43) to save space and to prevent our results from looking excessively
messy. For this reason in the following formulas the bulk spin curvature
components will be left in their compact form. Therefore although the re-
sults are also applicable for the general bulk metric the expressions when the
bulk curvature components are substituted from (5.34), (5.42), and (5.43)
explicitly computes the braneworld gravity sector in terms of the braneworld
coordinates for the special case of the symmetric space bulk metric arising
from the symmetric space sigma model kinetics of the brane. Apart form the
complementing derivations of sections four and five these equations17 defin-
ing the braneworld gravity in symmetric space bulk is the main objective of
this work. Now if we vary the action in (7.6) we get
δSBrane =
∫
W
(
1
16κpi
δR
(W )
AB ∧ ∗eAB +
1
16κpi
R
(W )
AB ∧ δ ∗ eAB + Λeffδ ∗ 1
)
+
∫
W
δLMatter
=
∫
W
δeC ∧
(
1
16κpi
∗ eCAB ∧ R(W )AB + Λeff ∗ eC + ∗tC
)
+
∫
W
F (δXother), (7.7)
where the first term on the RHS vanishes because it can be written in terms
of δωAB or δΓ
A
BC which are functions of the variations of the torsion com-
ponents which vanish as we assume that the connection is the Levi-Civita
connection on the braneworld [52]. Alternatively [50] if one assumes that
{eA} is an orthogonal frame that term can be shown to generate a surface
term which vanishes again due to the assumption of the vanishing varia-
tions at the boundaries. In (7.7) {tC} are the braneworld energy-momentum
one-forms which result from the metric related variation terms in δLMatter
17Though left in an implicit form.
37
and {δXother} are the non-metric related variations of the other fields in the
theory. Now if we equate (7.7) to zero we get the Einstein equation for the
braneworld as
− 1
16κpi
∗ eCAB ∧R(W )AB − Λeff ∗ eC = ∗tC . (7.8)
In terms of the braneworld Riemann tensor components this equation can be
written as [50]
(
− 1
16κpi
R
(W )A B
BA GCD+
1
8κpi
R
(W )A
CAD−ΛeffGCD
)
∗eD = TCD∗eD, (7.9)
where TCDe
D = tC and TCD is the energy-momentum tensor of the matter
fields on the braneworld. Thus the Einstein equation in its familiar form
reads
− 1
16κpi
R
(W )A B
BA GCD +
1
8κpi
R
(W )A
CAD − ΛeffGCD = TCD. (7.10)
This equation together with the matter field equations must be simultane-
ously solved with the constraints appearing in (7.6). For this reason the
constraint equations must be implemented into the Einstein equation (7.10).
Although a direct substitution can be considered as a first guess it will alge-
braically be more involved and geometrically less apparent. Alternatively as
we have discussed we will make use of the Gauss equation of the last section
which reveals the immersion geometry characteristics by expressing the equa-
tions explicitly in terms of the extrinsic curvature. In this manner, one can
also monitor the geometry of the braneworld inside the bulk, besides one can
easily tune further restrictions on this geometry within such a form of Ein-
stein equation. Especially this explicit form of the gravity dynamics can be
directly coupled to the bulk dynamics via the braneworld coordinates. Now
let us consider the straightforward substitution of the constraint equation in
(7.10). Firstly [52, 55]
R
(W )A
BCD = Γ˜
E
DBΓ˜
A
CE − Γ˜ECBΓ˜ADE + ∂C Γ˜ADB − ∂DΓ˜ACB, (7.11)
where we have used the fact that {rA} = {∂/∂xA}. The Christoffel coeffi-
cients can be calculated from the induced braneworld metric components as
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Γ˜CAB =
1
2
gab∂
Cϕa∂Dϕb
[
∂A(gab∂Bϕ
a∂Dϕ
b) + ∂B(gab∂Dϕ
a∂Aϕ
b)
− ∂D(gab∂Aϕa∂Bϕb)
]
, (7.12)
where gab is the bulk metric in (7.6). Now if one substitutes (7.11) into (7.10)
one gets
− 1
16κpi
(gab∂Cϕ
a∂Dϕ
b)
[
Γ˜EBBΓ˜
A
AE − Γ˜EABΓ˜ABE + ∂AΓ˜ABB − ∂BΓ˜AAB
]
+
1
8κpi
[
Γ˜EDCΓ˜
A
AE − Γ˜EACΓ˜ADE + ∂AΓ˜ADC − ∂DΓ˜AAC
]
− Λeff(gab∂Cϕa∂Dϕb)
= TCD. (7.13)
It is obvious that though direct, this equation is insensitive to the geomet-
rical characteristics of the immersion. For this reason beside (7.13) we will
also present another formulation combining the constraint equation and the
Einstein equation by means of the Gauss equation. By this way, one can
explicitly monitor the bulk and the braneworld curvature relationship. Such
a form may find more use when one also adds bulk gravity to the theory. The
Bulk curvature on the braneworld is calculated in Section five with respect
to a general bulk moving co-frame (5.1) which is obtained from the bulk
coordinate frame by dressings. However the Gauss equation (6.33) which is
certainly dependent on the bulk frame chosen (and thus a component equa-
tion) is constructed with respect to the basis (6.6) which is rather special
and which enables one to derive (6.33) as it is based on the geometrical de-
composition (6.3). Thus to be able to use the Riemann tensor components
belonging to the bulk curvature components (5.34), (5.42), and (5.43) in the
Gauss equation (6.33) we must do two steps of bulk co-frame transforma-
tions from (5.1) to (6.6) and the associated bulk curvature transformations.
Namely starting from the ones in (5.34), (5.42), and (5.43) we must reach
the ones used in (6.33) which correspond to a special moving co-frame. In
(5.34), (5.42), and (5.43), we have computed the bulk curvature two-forms
with respect to the moving co-frame {ea} which is related to the coordinate
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co-frame {dϕa} as
ea = Labdϕ
b, (7.14)
where
L =
i=1,2,·······r α=1,2,·······n


 1



 0



 0



 Ω˜




i
q
1
·
·
·
·
r
α
q
1
·
·
·
·
n
. (7.15)
Here
Ω˜αβ = e
1
2
αjφ
j
Ωαβ. (7.16)
The dual frame transforms as
bc =
∂
∂ϕa
(L−1)ac. (7.17)
By using the transformation (7.17) one can compute the curvature two-forms
(the ones with the check below) with respect to the bulk coordinate frame
{∂/∂ϕa} as [50]18
Rˇab = (L
−1)adR
d
eL
e
b, (7.18)
from which one can read the Riemann tensor components as
Rˇab =
1
2
Rˇabcddϕ
c ∧ dϕd. (7.19)
In order to make use of the Riemann tensor components emerging form the
computed curvature elements (5.34), (5.42), and (5.43) in the Gauss equation
(6.33) we have to do one more transformation on them to relate them to the
ones appearing in (6.33). This time we have to transform the Riemann tensor
components from the coordinate basis {∂/∂ϕa} to the one {e′a} given in (6.6).
These are related via (6.9) as
e′a =
∂
∂ϕb
Sb a, (7.20)
18One should be careful when writing (7.18) as one needs to perform index raising in
(5.34), (5.42), and (5.43) to construct (7.18) and here or anywhere else in this manuscript
one has to use the appropriate bulk or braneworld metric components which correspond
to the frame being worked in.
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where we know that SbA = ∂Aϕ
b thus
rA =
∂
∂ϕb
∂Aϕ
b. (7.21)
By using this transformation now we can express the Riemann tensor com-
ponents RABCD which are with respect to the frame {e′a} for the indices
a, b, · · · = 1, · · · , p + 119 in terms of the ones with respect to the frame
{∂/∂ϕa}. The former are the ones on which the Gauss equation is based on
and the later are the explicitly computed ones and they can be read from
(5.34), (5.42), and (5.43) via (7.18), (7.19). Thus from (7.20) and (7.21) we
have
RABCD = Rˇabcd∂Aϕ
a∂Bϕ
b∂Cϕ
c∂Dϕ
d. (7.22)
Finally we can write the Gauss equation (6.33)20 explicitly in terms of the
braneworld coordinates as
RWABCD = Rˇabcd∂Aϕ
a∂Bϕ
b∂Cϕ
c∂Dϕ
d + F mAC FBDm −F mBC FADm. (7.23)
Substitution of this relation into the braneworld Einstein equation (7.10) fi-
nalizes the process of implementing the induced braneworld metric constraint
and deriving the gravity dynamics explicitly in terms of the braneworld coor-
dinates which enter into the following equations through the explicitly com-
puted bulk curvatures of Section five which we leave in compact form. Thus
finally we have
− 1
16κpi
(gef∂Cϕ
e∂Dϕ
f)
[
Rˇabcd∂
Aϕa∂Bϕ
b∂Aϕ
c∂Bϕd + FA mA F BB m
− F mBA FABm
]
+
1
8κpi
[
Rˇabcd∂
Aϕa∂Cϕ
b∂Aϕ
c∂Dϕ
d + FA mA FCDm
− F mCA FADm
]
− Λeff(gab∂Cϕa∂Dϕb) = TCD. (7.24)
19That is to say the components for the subset of indices a, b, · · · ≡ A,B, · · · .
20Though notationally implicit as we have discussed before the reader should consider
the following equations together with the equations (5.34), (5.42), (5.43), (7.18), and (7.19)
which lead to the explicit expressions of the Einstein equation in terms of the braneworld
coordinates.
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We remark that here the indices A,B, · · · are raised and lowered by the in-
duced braneworld metric (2.2) whose components are computed with respect
to the braneworld frame {rA} = {∂/∂xA}. In addition to being directly in
terms of the true independent fields of the theory since expressed in terms of
the second fundamental form or the extrinsic curvature components as tuning
parameters of geometry it must be apparent to the reader that geometrically
(7.24) is more eligible than (7.13). One straightforward application of man-
aging the geometry of the braneworld immersion through (7.24) can be said
to occur when the braneworld immersion is desired to be a totally geodesic
one. In this case one demands that any geodesic in the braneworld is also
a geodesic in the bulk with respect to the bulk metric connection. This re-
quirement can simply be considered to emerge from a physical need of the
completeness of the gravity theory; the geodesic motion must be valid both
in the bulk and the braneworld. In this case to generate such solutions, in
(7.24) one may simply equate the F -terms to zero as for totally geodesic
immersions the second fundamental form is identically zero sufficiently and
necessarily [37, 38, 39, 40]. However to generate the entire solution space
of such totally geodesic immersions one must introduce the vanishing of the
second fundamental form as a constraint equation at the level of total action.
8 Conclusion
After discussing the low energy free Dp-brane dynamics in symmetric space
G/K bulk and comparing the Nambu-Goto and the Polyakov actions in Sec-
tion two we introduced the symmetric space sigma model action with the
global G and the local K symmetry in the solvable lie algebra gauge in Sec-
tion three. By inspecting this action in Section four, we have read the bulk
metric which is required at the symmetric space bulk-braneworld intersection
for the symmetries to occur. We have also discussed that this bulk metric
which we have explicitly constructed on a local coordinate chart must be
G-invariant. In the following section, we have calculated the elements of
the Levi-Civita connection corresponding to this metric on the bulk. Later,
following the construction of the Gauss equation of the braneworld immer-
sion of Section six, in Section seven we have discussed the implementation
of the first fundamental form into the Einstein equation when the induced
braneworld metric is coupled to gravity as the brane moves in the symmetric
space bulk. Although the finalizing formulae of Section seven are left in their
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most compact form as we have discussed several times when incorporated
with the explicit curvature computations of Section five they lead us to the
expressions of the brane dynamics purely in terms of the braneworld coordi-
nates. This perspective which is aimed from the beginning sits at the core
of the entire formulation.
In this work, we have presented the basics of the braneworld gravity
when the brane motion takes place in a symmetric space. Due to the sym-
metry properties of the bulk which can be systematically constructed from
Lie groups the problem of brane motion in symmetric space has restrictive
and governing characteristics. In this manner, specifying the nature of the
bulk has enabled us to refine the general braneworld gravity analysis to the
particular case studied in this work. We have focussed on the symmetry
characteristics of the problem which require a special form of a bulk metric
in terms of the solvable lie algebra gauge parameters of the sigma model.
In a series of sections our primary point of view was to compute the basic
steps of the standard braneworld gravity [8] which lead to the substitution of
the Gauss equation into the Einstein equation for our specially required bulk
metric which is put on the scene by the symmetries of the brane action. On
the contrary, we have not examined and discussed the details of the physical
aspects of the problem [8, 56, 57]. We can say that, the main concern of this
work is to study the technically somewhat involved immersion structure of
the braneworld gravity when the background is a symmetric space. In this
direction we have studied and shed light on the Gauss and Einstein equation
correspondence of braneworld gravity and cosmology for symmetric space
backgrounds. Therefore the results of this work are computational rather
than being physical. However, starting from the results achieved here, by
introducing also the bulk gravity one can study further the junction condi-
tions, the initial value problem, the brane-observers etc. The details in these
directions need the further manipulation of the relations of the bulk and the
braneworld curvatures in the Einstein equations which may be obtained from
the structural equations of the braneworld immersion likewise the Codazzi
equation. Furthermore, the specification of the bulk and the braneworld mat-
ter fields may enable one to study the physical solutions and the braneworld
geometries including the FRW braneworld cosmologies in symmetric space
bulk. By this way one can link the connection to the RS braneworld models
[1, 2, 3, 4, 5, 6, 7]. Although we have presented the basic equations of the
braneworld immersion gravity, our formulation, in its general form is for an
arbitrary dimensional braneworld in a generic symmetric space background.
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Therefore on its own right the identification of the G−invariant bulk metric
and the calculation of its Levi-Civita connection contributes new computa-
tional results to the geometry of symmetric spaces. On the other hand, the
reader should appreciate the relevance of the special kind of bulk chosen here
to the M-theoretical holography principle [58, 59, 60, 61, 62, 63]. Studying
braneworld gravity in symmetric space bulk can form a new computational
region in which one can search for new realizations of the M-theoretical holog-
raphy principle [58, 59, 60, 61, 62, 63] within the context of classical and
braneworld cosmologies [64, 65, 66, 67, 68, 69, 70, 71].
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